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On periodic structures sandwiched between two homogeneous media, a bound state in the con-
tinuum (BIC) is a guided Bloch mode with a frequency within the radiation continuum. BICs are
useful, since they give rise to high quality-factor (Q-factor) resonances that enhance local fields
for diffraction problems with given incident waves. For any BIC on a periodic structure, there is
always a surrounding family of resonant modes with Q-factors approaching infinity. We analyze
field enhancement around BICs using analytic and numerical methods. Based on a perturbation
method, we show that field enhancement is proportional to the square-root of the Q-factor, and it
depends on the adjoint resonant mode and its coupling efficiency with incident waves. Numerical
results are presented to show different asymptotic relations between the field enhancement and the
Bloch wavevector for different BICs. Our study provides a useful guideline for applications relying
on resonant enhancement of local fields.
I. INTRODUCTION
Bound states in the continuum (BICs) for photonic
systems are attracting significant research interest mainly
because they lead to resonances of extremely high quality
factors (Q-factors) [1, 2]. A BIC is a trapped or guided
mode with a frequency in the radiation continuum where
radiative waves can propagate to or from infinity [3], and
it can only exist on a lossless structure that is infinite
in at least one spatial direction. Many recent works
are concerned with BICs on periodic structures (with
one or two periodic directions) sandwiched between two
homogeneous media [4–25]. On such a periodic struc-
ture, a BIC is a Bloch mode that decays exponentially
in the surrounding homogeneous media, but unlike ordi-
nary guided modes below the lightline, it co-exists with
plane waves above the lightline. These plane waves have
the same frequency and wavevector as the BIC, and can
propagate to or from infinity in the surrounding media.
Importantly, a BIC can be regarded as a resonant mode
with an infinite Q-factor [12]. When the structure is per-
turbed slightly, a BIC usually (but not always) becomes
a resonant mode with a large Q-factor [26–28]. On peri-
odic structures, a BIC is surrounded by resonant modes
that depend on the Bloch vector continuously. The Q-
factors of these resonant modes tend to infinity as the
Bloch wavevector approaches that of the BIC [12]. The
relation between the Q-factor and the Bloch wavevector
has been analyzed in a number of papers [28–31].
Strong local fields induced by high-Q resonances are
essential to applications such as lasing [32] and sensing
[33, 34], and can be used enhance emissive processes and
and nonlinear effects [29, 35, 36]. For lossless dielectric
structures, the Q-factor (denoted by Q) of a resonant
mode accounts for radiation losses only, and the field en-
hancement, defined as the ratio of the maximum ampli-
tudes of the total and incident waves, is known to be
proportional to
√
Q. Therefore, using the asymptotic re-
lations between the Q-factors and the wavevectors, the
field enhancement caused by a high-Q resonance near a
BIC is known qualitatively [37–39]. In this paper, we
use a perturbation method to derive a rigorous formula
for field enhancement and perform a detailed numerical
study for field enhancement around a few BICs with dis-
tinct asymptotic behavior. The perturbation theory is
developed for two-dimensional (2D) periodic structures
with one periodic direction (i.e., 1D periodicity). The
formula reveals not only the square-root dependence on
the Q-factor, but also the relevance of adjoint resonant
modes and their coupling efficiency with incident waves.
The numerical examples are carried out for a few BICs for
which the corresponding Q-factors have different asymp-
totic behaviors.
The rest of this paper is organized as follows. In Sec. II,
we briefly recall the definitions and properties of BICs
and resonant modes on 2D periodic structures, and es-
tablish a useful formula for the Q-factor. In Sec. III, we
derive a formula for field enhancement using a pertur-
bation method. Numerical examples for four BICs with
very different properties are presented in Sec. IV. The
paper is concluded with a brief discussion in Sec. V.
II. RESONANT MODES AROUND BICS
Many recent studies on photonic BICs are concerned
with dielectric periodic structures. Two-dimensional pe-
riodic structures that are uniform in one spatial direction
2and periodic in another direction are relatively simple to
analyze theoretically, but they still capture the nontriv-
ial physics involving the BICs [4, 7–10, 13, 16, 21, 23].
We consider 2D periodic structures that are invariant in
z, periodic in y with period L, and sandwiched between
two homogeneous media given in x < −D and x > D for
a positive D, respectively. Let r = (x, y) and ǫ = ǫ(r) be
the dielectric function for such a periodic structure and
the surrounding media, then ǫ is real and positive, and
ǫ(x, y + L) = ǫ(r) (1)
for all r. For simplicity, we assume the surrounding
medium is vacuum, thus
ǫ(r) = 1, if |x| > D. (2)
For the E-polarization and a time harmonic field with
the time dependence e−iωt (ω is the angular frequency),
the z component of the electric field, denoted as Ez or u,
satisfies the following 2D Helmholtz equation
∂2xu+ ∂
2
yu+ k
2ǫ(r)u = 0, (3)
where k = ω/c is the freespace wavenumber and c is the
speed of light in vacuum.
A BIC on the periodic structure is a solution of Eq. (3)
for a real ω > 0, given in the form of a Bloch mode
u(r) = φ(r)eiβy, (4)
where φ is periodic in y with period L, φ → 0 exponen-
tially as |x| → ∞, β is the real Bloch wavenumber, and
k > |β|. Due to the periodicity in y, β can be restricted
by |β| ≤ π/L. If β = 0, the BIC is a standing wave, oth-
erwise, it is a propagating BIC. Since the lightlines (in
the β-k plane) are defined as k = ±β, a BIC is a guided
mode above the lightline. For |x| > D, any Bloch mode
given by Eq. (4) can be expanded in plane waves as
u(r) =
∞∑
m=−∞
c±me
i[βmy±αm(x∓D)], ±x > D, (5)
where β0 = β, and
βm = β +
2πm
L
, αm =
√
k2 − β2m. (6)
Most (but not all) BICs are found for k satisfying
|β| < k < 2π
L
− |β|. (7)
In that case, all αm for m 6= 0 are pure imaginary with
positive imaginary parts, and only α0 is real. Since a
BIC must decay exponentially as |x| → ∞, if condition
(7) is satisfied, then we must have c+0 = c
−
0 = 0.
A resonant mode (also called resonant state, quasi-
normal mode, guided resonance, or scattering resonance)
on the periodic structure is a solution of Eq. (3) that
radiates power outwards as |x| → ∞ [40, 41]. Since
ǫ is real and energy is conserved, the frequency ω of a
resonant mode must have a negative imaginary part, so
that it can decay with time as it radiates power to in-
finity. The Q-factor of a resonant mode can be defined
as Q = −0.5Re(ω)/Im(ω). Expansion (5) is still valid,
provided that all αm =
√
k2 − β2m are properly defined
to maintain continuity as Im(ω) tends to zero. This can
be achieved by choosing the negative imaginary axis (in-
stead of the negative real axis) as the branch cut for
the complex square root. More precisely, if η = |η|eiθ
for −π/2 < θ ≤ 3π/2 (instead of −π < θ ≤ π), then√
η =
√
|η|eiθ/2. If Re(k) satisfies condition (7) and
Im(k) is small, then all αm for m 6= 0 have positive imag-
inary parts, and α0 has a positive real part and a small
negative imaginary part. In that case, the plane wave
exp[i(βy+α0x)] radiates power in the positive x direction
and blows up as x→ +∞. The coefficients c±0 of a reso-
nant mode should be nonzero. The resonant modes form
bands with complex frequency ω depending on real Bloch
wavenumber β. A BIC corresponds to a special point on
the dispersion curve of a band of resonant modes, where
ω becomes real. Therefore, a BIC can be regarded as
special resonant mode with an infinite Q-factor.
Let ω◦ and β◦ be the frequency and Bloch wavenumber
of a BIC respectively, and ω be the complex frequency of
a resonant mode near the BIC for a β near β◦. Pertur-
bation theories provide approximate formulas for ω and
the Q-factor assuming |β − β◦| is small. In general, we
have
Re(ω)− ω◦ ∼ β − β◦, (8)
Im(ω) ∼ (β − β◦)2, (9)
Q ∼ 1/|β − β◦|2. (10)
Special results have been derived for standing waves on
periodic structures with a reflection symmetry in the pe-
riodic direction [28–30]. Assuming the periodic structure
is symmetric in y (i.e., ǫ is even in y), a standing wave is
either symmetric in y (even in y) or antisymmetric in y
(odd in y). For both cases, it is known that
Re(ω)− ω◦ ∼ β2. (11)
Moreover, for a symmetric standing wave, we have
Im(ω) ∼ β4. (12)
For a typical antisymmetric standing wave, Eq. (9), i.e.,
Im(ω) ∼ β2, is valid, but under special conditions, Im(ω)
satisfies
Im(ω) ∼ β6. (13)
Therefore, depending on the nature of the standing wave,
the Q-factor follows different scaling laws, i.e., 1/β2,
1/β4, or 1/β6.
The Q-factor of a resonant mode is often defined as the
ratio between the energy stored in a cavity and the power
loss, multiplied by the resonant frequency (real part of
3the complex frequency). For our 2D periodic structure,
the cavity can be chosen as the rectangle
Ω = {(x, y) : |x| < D, |y| < L/2}. (14)
In Appendix A, we derive a formula for the Q-factor, i.e.,
Eq. (16) below, based on a wave-field splitting outside the
cavity. If there is only one radiation channel, i.e., α0 is
in the fourth quadrant close to the positive real axis, and
all αm for m 6= 0 are in the second quadrant close to the
positive imaginary axis, then, the wave field outside the
cavity can be written as
u(r) = up(r) + ue(r), |x| > D, (15)
where up is the term for m = 0 in the right hand side of
Eq. (5) and ue is the sum of all other terms for m 6= 0.
In that case, the Q-factor satisfies
1
Q
=
LRe(α0)
[Re(k)]2
· |c
+
0 |2 + |c−0 |2∫
Ω ǫ|u|2dr +
∫
Ωe
|ue|2dr , (16)
where Ωe is the union of two semi-infinite strips given by
|x| > D and |y| < L/2. The first and second integrals
in the denominator are proportional to the electric en-
ergy stored in the cavity and the electric energy of the
evanescent field ue outside the cavity. The numerator is
proportional to the power radiated out by the plane wave
up. Assuming the resonant mode is scaled such that
max
r∈Ω
|u(r)| = 1, (17)
then c+0 and c
−
0 are dimensionless quantities, and Eq. (16)
gives rise to
|c+0 |2 + |c−0 |2 ∼
1
Q
. (18)
By reciprocity, corresponding to one resonant mode
u with a real Bloch wavenumber β and a complex fre-
quency ω, there is another resonant mode (the adjoint
resonant mode) v with Bloch wavenumber −β and the
same complex frequency. We write v as
v(r) = ψ(r)e−iβy, (19)
and expand v as
v(r) =
∞∑
m=−∞
d±me
i[−βmy±αm(x∓D)], ±x > D. (20)
Apparently, Eq. (16) remains valid when u, ue, c
±
0 are
replaced by v, ve (similarly defined as ue) and d
±
0 . If we
scale v such that max(x,y)∈Ω |v(x, y)| = 1, then
|d+0 |2 + |d−0 |2 ∼
1
Q
. (21)
III. FIELD ENHANCEMENT
In this section, we analyze the resonant effect of field
enhancement by a perturbation method. For a 2D peri-
odic structure given by a real dielectric function ǫ(x, y),
we assume there is a resonant mode with a complex fre-
quency ω∗ and real Bloch wavenumber β. To avoid con-
fusion with the diffraction solution excited by incident
waves, we denote the resonant mode by u∗, its freespace
wavenumber by k∗, define α
∗
m by α
∗
m =
√
k2∗ − β2m, but
still denote the expansion coefficients of u∗ [as in Eq. (5)]
by c±m. The adjoint resonant mode is v∗, and its expan-
sion coefficients are d±m.
We consider a diffraction problem for incident waves
with a real frequency ω near (or exactly at) the real part
of ω∗. Two incident plane waves are given in the left
(x < −D) and right (x > D) of the periodic structure,
respectively, and their amplitudes a+0 and a
−
0 are assumed
to satisfy
|a+0 |2 + |a−0 |2 = 1. (22)
Since two incident waves are involved, we choose to nor-
malize them to fix the total incident power. In the left
and right homogeneous media, the total field can be writ-
ten as
u(r) = a±0 e
i[βy∓α0(x∓D)]
+
∞∑
m=−∞
b±me
i[βmy±αm(x∓D)], ±x ≥ D, (23)
where αm is defined in Eq. (6), and b
±
m are the amplitudes
of the outgoing plane waves. The wavevectors of the
incident waves are (±α0, β). Notice that the resonant
mode u∗ and the diffraction solution u follow the same
real Bloch wavenumber β. Again, we assume condition
(7) is satisfied, then only α0 is real positive and all αm
for m 6= 0 are pure imaginary with positive imaginary
parts.
To develop the perturbation theory, it is useful to write
down the exact boundary conditions at x = ±D [42]. Let
B be a linear operator acting on quasi-periodic functions
of y, such that
Beiβmy = iαme
iβmy (24)
for all integer m, then u satisfies the following boundary
conditions
± ∂u
∂x
= Bu− 2iα0a±0 eiβy, x = ±D. (25)
For the complex frequency ω∗, if we define a linear op-
erator B∗ as in Eq. (24), with αm replaced by α
∗
m, then
the resonant mode u∗ satisfies
± ∂u∗
∂x
= B∗u∗, x = ±D. (26)
If δ = k − k∗ is small (more precisely, |δ/k∗| is small),
we try to find the diffraction solution u by the following
4expansion:
u =
C
δ
u∗ + u0 + δu1 + δ
2u2 + · · · (27)
The operator B must also be expanded:
B = B∗ + δB1 + δ
2B2 + · · · (28)
It is easy to see that
αm =
√
k2∗ − β2m + k2 − k2∗ = α∗m +
k∗
α∗m
δ + · · ·
Therefore, B1 is a linear operator satisfying
B1e
iβmy =
ik∗
α∗m
eiβmy (29)
for all integer m.
Inserting the expansions for u and B into Eq. (3)
and boundary condition (25), we collect equations and
boundary conditions at different powers of δ. At O(1/δ),
we simply get the Helmholtz equation and boundary con-
ditions for u∗. At O(1), we obtain the following inhomo-
geneous Helmholtz equation
∂2xu0 + ∂
2
yu0 + k
2
∗ǫu0 = −2Ck∗ǫu∗ (30)
and boundary conditions
± ∂u0
∂x
−B∗u0 = CB1u∗− 2iα∗0a±0 eiβy, x = ±D. (31)
Multiplying Eq. (30) by v∗ and integrating on Ω, we get
C =
iLα∗0 (a
+
0 d
+
0 + a
−
0 d
−
0 )
k∗R
(32)
where
R =
∫
Ω
ǫv∗u∗dr +
iL
2
∞∑
m=−∞
c+md
+
m + c
−
md
−
m
α∗m
.
Additional details are given in Appendix B.
Field enhancement is often defined as the ratio of the
amplitudes of the total and incident waves. Since the
incident waves are normalized according to Eq. (22), u∗
is scaled to satisfy Eq. (17), and |δ/k∗| is supposed to be
small, the amplitude of u, and also the field enhancement,
can be approximated by |C/δ|. The term a+0 d+0 + a−0 d−0
represents the coupling between the incident waves and
the adjoint resonant mode v∗. If (a
+
0 , a
−
0 ) is proportional
to (d−0 ,−d+0 ), there is no field enhancement at all. To
maximize |C|, we can choose the amplitudes of the inci-
dent waves such that (a+0 , a
−
0 ) is proportional to (d
+
0 , d
−
0 )
then
|a+0 d+0 + a−0 d−0 | =
√
|d+0 |2 + |d−0 |2.
The above is on the order of 1/
√
Q. If ω = Re(ω∗), then
δ = k − k∗ = −Im(k∗), and thus |C/δ| ∼
√
Q.
IV. NUMERICAL EXAMPLES
In this section, we present a number of numerical
examples to illustrate field enhancement near different
kinds of BICs. The periodic structure is an array of iden-
tical, parallel and infinitely long circular cylinders. The
cylinders are parallel to the z axis, arranged periodically
along the y axis with period L, and surrounded by vac-
uum. The axis of one particular cylinder is exactly the z
axis. The radius and dielectric constant of the cylinders
are rs and ǫs, respectively. The structure has reflection
symmetry in both x and y directions. For simplicity,
we assume there is only a single incident wave given in
the left side of the periodic structure, thus, a−0 = 1 and
a+0 = 0.
The first example is an antisymmetric standing wave
on a periodic array with ǫs = 11.6 and rs = 0.3L.
The frequency of this symmetry-protected BIC is ω◦ =
0.411227834(2πc/L). Its electric field is odd in y (i.e.,
antisymmetric with respect to the reflection symmetry
in y) and even in x. First, we calculate a few resonant
modes near this BIC for some β near β◦ = 0. The com-
plex frequencies and Q-factors of these resonant modes
are listed in Table I below. It is easy to observe that
TABLE I. Example 1: Resonant modes near the BIC.
βL/(2pi) (ω∗ − ω◦)L/(2pic) Q-factor
0.004 -0.00001320 - 0.00000204i 1.01×105
0.008 -0.00005277 - 0.00000814i 2.53×104
0.016 -0.00021089 - 0.00003247i 6.33×103
0.032 -0.00084043 - 0.00012844i 1.60×103
Re(ω∗)− ω◦ ∼ β2, Im(ω∗) ∼ β2 and Q ∼ 1/β2.
Next, we solve the diffraction problem for incident
plane waves with a real frequency and the same β listed
in Table I. We monitor the solution at a particular point
(x, y) = (0, 0.2064L) for different frequencies. The re-
sults are shown in Fig. 1(a). For each β, we also find the
maximum of |u| over all frequencies, and calculate the
full width at half maximum (FWHM) Wω for |u| as a
function of ω. The results are listed in Table II. The per-
TABLE II. Example 1: Maximum of |u| as a function of ω for
fixed β and FWHM Wω.
βL/(2pi) maxω |u| Wω
0.004 238.8 0.71×10−5
0.008 119.4 2.82×10−5
0.016 59.76 1.13×10−4
0.032 29.96 4.45×10−4
turbation theory predicts that the maximum is reached
when ω ≈ Re(ω∗). This is true to high accuracy when Q
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FIG. 1. Example 1: Magnitude of the electric field at point
(0, 0.2064L), (a) as a function of ω, (b) as a function of β.
is large. It is also easy to see that maxω |u| ∼ 1/β, and
this confirms the perturbation result that enhancement
should be proportional to 1/
√
Q. The values of Wω in
Table II indicate that Wω ∼ β2. From the perturbation
theory of Sec. III, Eq. (27) in particular, we know that the
leading term of u is inversely proportional to ω−Re(ω∗).
Thus, the maximum is obtained when ω ≈ Re(ω∗), and
half maximum is achieved when
ω ≈ Re(ω∗)±
√
3 Im(ω∗). (33)
Therefore, Wω ≈ 2
√
3 |Im(ω∗)| ∼ β2.
We also study how the field depends on β for a fixed
frequency near the BIC frequency ω◦. For this BIC, the
real part of ω∗ is less than ω◦ as shown in Table I. There-
fore, we consider the dependence on β for ω slightly less
than ω◦. The numerical results are shown in Fig. 1(b),
where
τ = (ω − ω◦)L/(2πc). (34)
We also calculate β∗ and Wβ , where β∗ is the value of
β that gives the maximum of |u|, and Wβ is the FWHM
for |u| as a function of β. The results are listed in Ta-
ble III. Since the leading term of u is proportional to
TABLE III. Example 1: Maximum of |u| attained at β∗ for
fixed ω, and FWHM Wβ.
(ω − ω◦)L/(2pic) β∗L/(2pi) maxβ |u| Wβ
-0.00001 0.00344390 275.2 0.92×10−3
-0.00004 0.00690362 137.6 1.83×10−3
-0.00016 0.01381251 68.80 3.67×10−3
-0.00064 0.02766718 34.24 7.34×10−3
1/[ω − ω∗(β)], β∗ should satisfy ω = Re[ω∗(β∗)] approx-
imately. As Re[ω∗(β)] − ω◦ depends on β quadratically,
we easily obtain β∗ ∼ |ω − ω◦|1/2. The maximum of |u|
is proportional to
√
Q for that β∗, and thus it is propor-
tional to |ω−ω◦|−1/2. The two β values at half maximum
can be approximately calculated from the following equa-
tion
|ω − ω∗(β)| = 2|Im[ω∗(β∗)]| (35)
Using the leading order approximation for ω∗(β) − ω◦,
it is easy to show that both solutions of Eq. (35), as
well as their difference, scale as |ω − ω◦|1/2. Therefore,
Wβ ∼ |ω − ω◦|1/2. All these asymptotic relations are
confirmed by the numerical results listed in Table III.
The second example is a symmetric standing wave on
a periodic array of cylinders with dielectric constant ǫs =
10 and radius rs = 0.36665158L. The frequency of this
BIC is ω◦ = 0.491142367(2πc/L). It is not a symmetry-
protected BIC, since its field pattern is symmetric in y
(i.e. u is even in y). It turns out that the BIC is also even
in x. In Table IV, we list the complex frequencies and
TABLE IV. Example 2: Resonant modes near the BIC.
βL/(2pi) (ω∗ − ω◦)L/(2pic) Q
0.01 0.000093965 - 0.000000025i 9.77×106
0.01
√
2 0.000187712 - 0.000000093i 2.63×106
0.02 0.000374556 - 0.000000358i 6.87×105
0.02
√
2 0.000745686 - 0.000001393i 1.77×105
Q-factors for a few resonant modes near the BIC. These
results confirm that Re(ω∗)−ω◦ ∼ β2, Im(ω∗) ∼ β4, and
Q ∼ 1/β4.
Next, we solve the diffraction problem with a plane
incident wave, and monitor the solution at a particu-
lar point (x, y) = (0,−0.3462L). In Fig. 2(a) and (b),
we show |u| at that point as a function of ω for fixed
β and as a function of β for fixed ω, respectively. For
the case of fixed β, the maximum of |u| and FWHM Wω
are listed in Table V. These numerical results indicate
that max |u| ∼ 1/β2 and Wω ∼ β4, and they support our
claims that field enhancement is proportional to
√
Q and
Wω ≈ 2
√
3 |Im(ω∗)|. From Table IV, we see that Re(ω∗)
is larger than ω◦ for this BIC. Therefore, we show |u| as
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FIG. 2. Example 2: Magnitude of the electric field at point
(0,−0.3462L), (a) as a function of ω, (b) as a function of β.
TABLE V. Example 2: Maximum of |u| as a function of ω for
fixed β and FWHM Wω.
βL/(2pi) maxω |u| Wω
0.01 2419 0.87×10−7
0.01
√
2 1210 3.23×10−7
0.02 605.5 1.24×10−6
0.02
√
2 303.2 4.82×10−6
functions of β for ω slightly larger than ω◦ in Fig. 2(b).
For each fixed ω, we list β∗, maxβ |u| and FWHM Wβ
in Table VI. Since the maximum of |u| is approximately
attained when ω = Re(ω∗), we have β∗ ∼ |ω − ω◦|1/2.
This also implies that maxβ |u| ∼
√
Q ∼ 1/|ω − ω◦|.
To estimate Wβ , we assume the equation |ω − ω∗(β)| =
2|Im[ω∗(β∗)]| has two solutions near β∗. The Taylor ex-
pansion at β∗ gives
ω − ω∗(β) = −Im[ω∗(β∗)]− ω′∗(β∗)(β − β∗) + ...
where ω′∗ is the derivative of ω∗ with respect to β. There-
fore, the two terms in the right hand side above must
TABLE VI. Example 2: Maximum of |u| attained at β∗ for
fixed ω, and FWHM Wβ.
(ω − ω◦)L/(2pic) β∗L/(2pi) maxβ |u| Wβ
0.0001 0.01031652 2273 0.51×10−5
0.0002 0.01459880 1136 1.34×10−5
0.0004 0.02067137 566.9 3.66×10−5
0.0008 0.02930596 282.5 1.03×10−4
have the same order. Since Im[ω∗(β∗)] = O(β
3
∗) and
ω′∗(β∗) = O(β∗), we conclude that β − β∗ = O(β3∗). This
leads toWβ = O(β
3
∗) orWβ ∼ |ω−ω◦|3/2. The numerical
results of Table VI are consistent with these asymptotic
relations. In particular, the last column of Table VI con-
firm that when |ω−ω◦| is increased by a factor of 2, Wβ
is increased by a factor of 21.5 ≈ 2.83.
The third example is a propagating BIC on a peri-
odic array of cylinders with ǫs = 11.56 and rs = 0.35L.
The frequency and Bloch wavenumber of the BIC are
ω◦ = 0.670236140(2πc/L) and β◦ = 0.2483(2π/L), re-
spectively. In Table VII, we show the complex frequen-
TABLE VII. Example 3: Resonant modes near the BIC.
(β − β◦)L/(2pi) (ω∗ − ω◦)L/(2pic) Q-factor
0.004 0.00025157 - 0.00000127i 2.63×105
0.008 0.00049981 - 0.00000518i 6.47×104
0.016 0.00098439 - 0.00002120i 1.58×104
0.032 0.00188950 - 0.00008790i 3.82×103
cies and Q-factors of a few resonant modes for β near
β◦. For this BIC, it is clear that Re(ω∗) − ω◦ ∼ β − β◦,
Im(ω∗) ∼ (β − β◦)2, and Q ∼ 1/(β − β◦)2.
For the diffraction problem with an incident wave of
unit amplitude, we monitor the solution at point (x, y) =
(0.1526L,−0.2579L). In Fig. 3(a) and (b), we show |u|
at that point as functions of ω or β, respectively. For
a few fixed values of β − β◦, the maximum of |u| and
FWHM Wω are listed in Table VIII. These numerical
TABLE VIII. Example 3: Maximum of |u| as a function of ω
for fixed β and FWHM Wω.
(β − β◦)L/(2pi) maxω |u| Wω
0.004 280.6 4.41×10−6
0.008 138.7 1.80×10−5
0.016 68.10 7.40×10−5
0.032 32.87 3.05×10−4
results indicate that maxω |u| ∼ 1/|β − β◦| and Wω ∼
|β−β◦|2, and they are consistent with the results on field
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FIG. 3. Example 3: Magnitude of the electric field at point
(0.1526L,−0.2579L), (a) as a function of ω, (b) as a function
of β.
enhancement and Wω ≈ 2
√
3 Im(ω∗) ∼ (β − β◦)2. For a
few fixed frequencies near ω◦, we list maxβ |u|, β∗ andWβ
in Table IX. The maximum of |u| is attained at β∗ which
TABLE IX. Example 3: Maximum of |u| attained at β∗ for
fixed ω, and FWHM Wβ.
(ω − ω◦)L/(2pic) β∗L/(2pi) maxβ |u| Wβ
0.0002 0.25147581 354.6 4.41×10−5
0.0004 0.25468389 174.5 1.84×10−4
0.0008 0.26121366 84.93 7.87×10−4
0.0016 0.27488676 39.93 3.75×10−3
satisfies ω = Re[ω∗(β∗)] approximately. Therefore, β∗ −
β◦ ∼ ω−ω◦. In addition, maxβ |u| should be proportional
to
√
Q for the corresponding β∗. Therefore, maxβ |u| ∼
1/|β∗ − β◦| ∼ 1/|ω − ω◦|. To determine Wω, we first
estimate the β that gives half maximum. As before, we
know that Im[ω∗(β∗)] and ω
′
∗(β∗)(β − β∗) should be on
the same order, but ω′∗(β∗)] is a nonzero constant, thus
β − β◦ ∼ (β∗ − β◦)2 ∼ (ω − ω◦)2. Therefore, Wβ ∼
(ω − ω◦)2.
The fourth example is an antisymmetric standing
wave on a periodic array with ǫs = 8.2 and rs =
0.432266L. The frequency of this BIC is ω◦ =
0.770094460005(2πc/L). In Table X, we list the complex
TABLE X. Example 4: Resonant modes near the BIC.
βL/(2pi) (ω∗ − ω◦)L/(2pic) Q-factor
0.005 -0.000036385554 - 0.000000000024i 1.63×1010
0.01 -0.000145089692 - 0.000000001751i 2.20×108
0.02 -0.000573518292 - 0.000000102698i 3.75×106
0.04 -0.002204078427 - 0.000004284774i 8.96×104
frequencies and Q-factors of a few resonant modes with
β close to β◦ = 0. It is quite clear that Re(ω∗)−ω◦ ∼ β2,
Im(ω∗) ∼ β6, and Q ∼ 1/β6.
For the diffraction problem, we monitor the solution at
(x, y) = (0.1237L, 0). The numerical results are shown in
Fig. 4 for fixed β near β◦ = 0 and fixed ω near ω◦. The
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FIG. 4. Example 4: Magnitude of the electric field at point
(0.1237L, 0), (a) as a function of ω, (b) as a function of β.
maximum of |u| for fixed β are listed in Table XI. Since
8TABLE XI. Example 4: Maximum of |u| as a function of ω
for fixed β and FWHM Wω.
βL/(2pi) maxω |u| Wω
0.005 9.03×104 8.2×10−11
0.01 9.67×103 6.1×10−9
0.02 1.24×103 3.6×10−7
0.04 1.89×102 1.5×10−5
Im(β∗) ∼ β6, we have Q ∼ 1/β6, maxω |u| ∼ 1/
√
Q ∼
1/β3, and Wω ≈ 2
√
3Im(ω∗) ∼ β6. In Table XII, we list
TABLE XII. Example 4: Maximum of |u| attained at β∗ for
fixed ω, and FWHM Wβ.
(ω − ω◦)L/(2pic) β∗L/(2pi) maxβ |u| Wβ
-0.00005 0.005862404 5.26×104 1.3×10−8
-0.0001 0.008296643 1.72×104 8.1×10−8
-0.0002 0.011749913 5.92×103 4.7×10−7
-0.0004 0.016663279 2.10×103 2.6×10−6
the maximum of |u| for fixed ω slightly smaller than ω◦.
From the result on the real part of ω∗, it is easy to show
that β∗ ∼ |ω − ω◦|1/2. Meanwhile, maxβ |u| should be
proportional to β−3∗ or |ω − ω◦|−1.5. As before, the two
β that reach half the maximum satisfy ω′∗(β∗)(β − β∗) ∼
Im[ω∗(β∗)] ∼ β6∗ . Since ω′∗(β∗) ∼ β∗, then both |β − β∗|
and Wβ are O(β
5
∗). Therefore, Wβ ∼ |ω − ω◦|2.5. The
numerical results in Tables XI and XII confirm all these
asymptotic results.
V. CONCLUSIONS
Field enhancement by high-Q resonances is crucial for
realizing many applications in photonics. Since a BIC
on a periodic structure is surrounded by resonant modes
with Q-factors approaching infinity, it is important to de-
velop asymptotic formulas for field enhancement around
BICs. In this paper, we derived a formula for resonant
field enhancement on 2D periodic structures (with 1D
periodicity) sandwiched between two homogeneous me-
dia, and performed accurate numerical calculations for
field enhancement around some BICs exhibiting differ-
ent asymptotic relations. Although our study is for 2D
structures, we expect the results still hold for 3D biperi-
odic structures such as photonic crystal slabs. Instead of
varying the Bloch wavenumber, high-Q resonant modes
can also be created by perturbing the structure. The
theory on field enhancement developed in Sec. III is also
applicable to these resonances.
In practice, a small material loss is always present in
any dielectric material, and it sets a limit for both the Q-
factor and the field enhancement [39]. The material loss
also has nontrivial effects on some BICs without sym-
metry protection [43]. Further studies are needed to es-
timate the Q-factors and field enhancement for realistic
structures that are finite, nonperiodic and lossy, and with
fabrication errors that destroy the relevant symmetries.
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APPENDIX A
Let u be a resonant mode satisfying Eqs. (3) and (5).
Multiplying u to both sides of Eq. (3), integrating on Ω
and using integration by parts, we have
∫
∂Ω
u
∂u
∂ν
ds−
∫
Ω
|∇u|2dr + k2
∫
Ω
ǫ|u|2dr = 0, (36)
where ∂Ω is the boundary of Ω, ν is the outward unit
normal vector of Ω. Due to the quasi-periodic condition
in y, the line integrals at y = ±L/2 cancel, thus
∫
∂Ω
u
∂u
∂ν
ds =
∫ L/2
−L/2
[
u
∂u
∂x
]x=D
x=−D
dy,
where [F (x, y)]x=Dx=−D = F (D, y)− F (−D, y). Evaluating
the right hand side above using Eq. (5), we obtain
∫
∂Ω
u
∂u
∂ν
ds = L
∞∑
m=−∞
iαm(|c+m|2 + |c−m|2). (37)
Taking the imaginary parts of Eqs. (36) and (37), we
have
L
∑
m
(|c+m|2 + |c−m|2)Re(αm) + Im(k2)
∫
Ω
ǫ|u|2dr = 0.
Let Ω+e be the domain given by x > D and |y| < L/2,
and ue be the sum of all terms with m 6= 0 in Eq. (5),
then ue satisfies
(∂2x + ∂
2
y + k
2)ue = 0.
Multiplying the above by ue and integrating on Ω
+
e , we
get
L
∑
m 6=0
|c+m|2Re(αm) = Im(k2)
∫
Ω+
e
|ue|2dr.
9A similar result holds for Ω−e given by x < −D and |y| <
L/2, then for Ωe = Ω
+
e ∪ Ω−e , we have
L
∑
m 6=0
(|c+m|2 + |c−m|2)Re(αm) = Im(k2)
∫
Ωe
|ue|2dr.
Combining the above equations, we obtain
−Im(k2)
(∫
Ω
ǫ|u|2dr +
∫
Ω+e
|ue|2dr
)
= L(|c+0 |2 + |c−0 |2)Re(α0).
Noticing that Im(k2) = 2Re(k)Im(k) and 1/Q =
−2Im(k)/Re(k), the above leads to Eq. (16).
APPENDIX B
Multiplying Eq. (30) by v∗, integrating on Ω, we get
∫
∂Ω
(
v∗
∂u0
∂ν
− u0∂v∗
∂ν
)
ds = −2Ck∗
∫
Ω
ǫu∗v∗dr. (38)
In the above, we used Green’s second identity and noticed
that v∗ satisfies the same Helmholtz equation as u∗. For
the left hand side above, the line integrals at y = ±L/2
cancel out, thus
∫
∂Ω
v∗
∂u0
∂ν
ds =
∫ L/2
−L/2
[
v∗
∂u0
∂x
]x=D
x=−D
dy,
∫
∂Ω
u0
∂v∗
∂ν
ds =
∫ L/2
−L/2
[
u0
∂v∗
∂x
]x=D
x=−D
dy.
For ∂xu0, we use the boundary condition (31). For v∗
and ∂xv∗, we use the expansion (20). It is easy to verify
that
∫ L/2
−L/2
[
v∗(B∗u0)− u0 ∂v∗
∂x
]
x=D
dy = 0.
Thus,
∫ L/2
−L/2
[
v∗
∂u0
∂x
− u0 ∂v∗
∂x
]
x=D
dy
=
∫ L/2
−L/2
[
Cv∗(B1u∗)− 2iα∗0a+0 eiβyv∗
]
x=D
dy
= iLk∗C
∑
m
c+md
+
m/α
∗
m − 2iLα∗0a+0 d+0 .
A similar result holds for the line integral at x = −D.
Therefore,∫
∂Ω
(
v∗
∂u0
∂ν
− u0 ∂v∗
∂ν
)
ds+ 2iLα∗0(a
+
0 d
+
0 + a
−
0 d
−
0 )
= iLk∗C
∞∑
m=−∞
c+md
+
m + c
−
md
−
m
α∗m
. (39)
Inserting Eq. (38) to Eq. (39), we obtain Eq. (32).
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